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Abstract
In this paper we classify hyperelliptic curves of genus 3 deﬁned over a ﬁnite ﬁeld k of even
characteristic. We consider rational models representing all k-isomorphy classes of curves with
a given arithmetic structure for the ramiﬁcation divisor and we ﬁnd necessary and sufﬁcient
conditions for two models of the same type to be k-isomorphic. Also, we compute the
automorphism group of each curve and an explicit formula for the total number of curves.
r 2003 Elsevier Inc. All rights reserved.
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0. Introduction
Let C be a hyperelliptic curve of genus g deﬁned over a ﬁnite ﬁeld Fq: Koblitz [4]
has shown that the group JCðFqÞ of Fq-valued points of the Jacobian variety of C is
suitable for applications to cryptography, mainly for the design of digital signature
protocols. The size of this group is roughly qg; so that it is possible to achieve the
same level of security (against the solution of the discrete logarithm problem)
working with smaller ﬁelds than in the elliptic case. After this seminal paper,
intensive research has been devoted to hyperelliptic curves over ﬁnite ﬁelds, focused
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on two main lines: algorithms computing the group law and the number of Fq-points
of JC : In both issues, curves over ﬁelds of even characteristic have a great advantage
over the odd characteristic case, as far as effective implementation is concerned.
When g is large, there is a subexponential algorithm due to Adleman, DeMarrais
and Huang [1] for the discrete logarithm problem in JCðFqÞ: Moreover, when g is
small and X5; Gaudry’s algorithm [3] is faster than the standard Pollard’s rho
technique. In practice, this limits the potential cryptographical application of
hyperelliptic curves to genus g ¼ 2; 3: The aim of this paper is to present a complete
classiﬁcation of hyperelliptic curves of genus 3 deﬁned over ﬁnite ﬁelds k of
characteristic 2. The analogous question for curves of genus 2 was settled in [2].
We consider rational Artin–Schreier models representing all k-isomorphism
classes of hyperelliptic curves of genus 3. For each possible arithmetic structure of
the ramiﬁcation divisor, the corresponding curves admit quasi-afﬁne models y2 þ
y ¼ uðxÞ; where uðxÞAkðxÞ is a rational function with a concrete divisor of poles.
The k-isomorphism classes of these curves are in bijection with the orbits of these
rational functions uðxÞ under a double action by the Artin–Schreier group ASðkðxÞÞ
and the projective linear group PGL2ðkÞ: In Section 3 we carry out this classiﬁcation
in a very explicit manner. As a by-product, we obtain an explicit computation of the
k-automorphism group of each curve. Also, we obtain in Section 4 an explicit
formula for the total number of curves and for the weighted sum
P
C jAutkðCÞj1;
which coincides with the number of k-rational points of the moduli space.
The algorithm of Koblitz computing the group law of JCðkÞ works only for
hyperelliptic curves C of genus g admitting a Weierstrass model:
y2 þ hðxÞy ¼ f ðxÞ; f ðxÞ; hðxÞAk½x	;
with f ðxÞ of degree 2g þ 1 and hðxÞ of degree at most g: Such a curve has a
Weierstrass point deﬁned over the base ﬁeld k and it is isomorphic to the curve with
Artin–Schreier model y2 þ y ¼ f ðxÞ=hðxÞ2:
Curves having no Weierstrass point deﬁned over the base ﬁeld have cryptographic
interest too; for instance, they appear in processes where one has to generate curves
at random. It would be interesting to develop an efﬁcient algorithm for the group
law of JCðkÞ for arbitrary hyperelliptic curves C; working directly with the Artin–
Schreier model instead of the Weierstrass model.
1. Hyperelliptic curves
In this section we shortly review well-known results on hyperelliptic curves. Proofs
and more details can be found in [2, Section 1.1] and the references quoted there.
We recall ﬁrst some generalities on Artin–Schreier extensions of a ﬁeld L of
characteristic 2. Consider the Artin–Schreier subgroup ASðLÞ ¼ fx þ x2 j xALgDL:
The group L=ASðLÞ classiﬁes all cyclic quadratic (or trivial) extensions of L: Any
uAL ASðLÞ determines a separable quadratic extension of L by adjoining the roots
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of the separable irreducible polynomial Y 2 þ Y þ u: Two elements u; u0AL furnish
the same extension if and only if u þ u0AASðLÞ: Moreover, any cyclic quadratic
extension of L can be obtained in this way. If L is a ﬁnite ﬁeld, then ASðLÞ coincides
with the subgroup of elements of absolute trace zero and L=ASðLÞ has only two
elements.
Let k be a perfect ﬁeld of characteristic 2 and let C be a hyperelliptic curve deﬁned
over k; that is, C is a smooth, projective and geometrically irreducible curve deﬁned
over k; of genus gX2; admitting a degree 2 morphism, p:C-P1; which is also
deﬁned over k:
Any choice of a point NAP1ðkÞ; determines isomorphisms, kðP1ÞCkðxÞ;
AutkðP1ÞCPGL2ðkÞ: The function ﬁeld kðCÞ is then identiﬁed to an Artin–Schreier
extension of kðxÞ and it admits an Artin–Schreier generator yAkðCÞ satisfying y2 þ
y ¼ uðxÞ; for certain uðxÞAkðxÞ ASðkðxÞÞ:
Conversely, for any uðxÞAkðxÞ ASðkðxÞÞ; the equation, y2 þ y ¼ uðxÞ; deter-
mines an Artin–Schreier extension, L ¼ kðx; yÞ; of kðxÞ: Such an equation can be
seen as a plane non-singular quasi-afﬁne curve Caf ¼ CafuðxÞ; deﬁned over k: We shall
denote by C ¼ CuðxÞ the projective, smooth curve obtained as the normalization of
the projective closure of Caf : The projection on the ﬁrst coordinate, ðx; yÞ/x; lifts
to a morphism of degree 2, p:C-P1; implicitly associated to the equation. The
function ﬁeld of C is k-isomorphic to L and the homomorphism, p:kðP1Þ-kðCÞ;
translates into kðxÞ+kðx; yÞ under natural identiﬁcations.
Clearly, if u0ðxÞAuðxÞ þASðkðxÞÞ the curves CuðxÞ; Cu0ðxÞ are k-isomorphic. Since
in uðxÞ þASðkðxÞÞ there is always an element with no poles of even order, we can
assume that uðxÞ has this property. Let W ¼PxAP1ð %kÞmx½x	 be the divisor of poles of
uðxÞ; with mx odd positive integers, whenever mxa0: The ramiﬁcation divisor of p is
R ¼PxAP1ð %kÞðmx þ 1Þ½Px	; where Px is the unique point of C above x: If degðRÞX6;
then C ¼ CuðxÞ is a hyperelliptic curve of genus g ¼ 1þ degðRÞ=2:
Since Caf is non-singular, we can identify its points with an open subset of Cð %kÞ;
this allows us to attach afﬁne coordinates to all points of C except for a ﬁnite set of
points at infinity: ZN :¼ Cð %kÞ  Cafð %kÞ:
The hyperelliptic involution of C is the involution i given in afﬁne coordinates by
ðx; yÞi ¼ ðx; y þ 1Þ: It is independent of the model and it commutes with any other
automorphism of C: The set W ¼ SuppðRÞ of ramiﬁcation points of p is also
canonical; it coincides with the set of Weierstrass points of C: In any of these quasi-
afﬁne models we have ZN ¼W; if N is a pole of uðxÞ and ZN ¼W,p1ðNÞ;
otherwise.
Proposition 1. Two hyperelliptic curves CuðxÞ; Cu0ðxÞ are k-isomorphic if and only if
there exists gAPGL2ðkÞ such that: u0ðxÞ þ uðgðxÞÞAASðkðxÞÞ:
Therefore, the classiﬁcation of hyperelliptic curves of genus g up to k-isomorphism
amounts to the classiﬁcation, under the double action of ASðkðxÞÞ and PGL2ðkÞ; of
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the family of rational functions uðxÞAkðxÞ having only poles of odd order and whose
divisor of poles W ¼PxAP1ð %kÞmx½x	 satisﬁes 2g þ 2 ¼PxAP1ð %kÞðmx þ 1Þ: A natural
strategy to carry out this classiﬁcation is to determine ﬁrst, up to the action of
PGL2ðkÞ; the effective divisors W as above and then classify the curves linked to a
ﬁxed divisor W :
For instance, if g ¼ 3 the divisor W has, geometrically, 5 possibilities:
P1 þ P2 þ P3 þ P4; P1 þ P2 þ 3P3; 3P1 þ 3P2; P1 þ 5P2; 7P: ð1Þ
We label them respectively as: cases ð1; 1; 1; 1Þ; ð1; 1; 3Þ; ð3; 3Þ; ð1; 5Þ and (7). Since
this divisor is deﬁned over k; in cases ð1; 5Þ and (7) all points in the support are
deﬁned over k too. However, in the other cases we have different arithmetic
structures for the divisor. If we denote respectively by k2; k3; k4 a generic quadratic,
cubic, quartic extension of k and we indicate galois conjugation by a superscript 0;
these different arithmetic possibilities are given in Table 1.
Let W be a ﬁxed effective divisor of P1 with odd coefﬁcients. Let RWDkðxÞ be the
set of rational functions having W as divisor of poles and let GW :¼
fgAPGL2ðkÞ j gðWÞ ¼ WgDPGL2ðkÞ be the isotropy subgroup of W under the
action of PGL2ðkÞ:
In order to classify the curves admitting models y2 þ y ¼ uðxÞ with uðxÞARW we
determine ﬁrst a system of representatives NDRW of these functions modulo
ASðkðxÞÞ: We can deﬁne an action of GW overN on the right. Given uðxÞAN and
gAGW ; the divisor of poles of gðuðxÞÞ ¼ uðgðxÞÞ is again W and we deﬁne ugðxÞ to be
the only element of N such that:
uðgðxÞÞ þ ugðxÞAASðkðxÞÞ:
We denote by GuðxÞ ¼ fgAGW j uðxÞ ¼ ugðxÞg the isotropy group of any uðxÞAN
under this action. Finally, for any gAGW and uðxÞAN; we denote by vu;gðxÞAkðxÞ
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Table 1
Types of ramiﬁcation divisor
Case Divisor W Field of deﬁnition
ð1; 1; 1; 1Þ-split P1 þ P2 þ P3 þ P4 PiAP1ðkÞ; 8i
ð1; 1; 1; 1Þ-split+quadr. P1 þ P2 þ yþ y0 P1; P2AP1ðkÞ; yAk2  k
ð1; 1; 1; 1Þ-quadratic oþ o0 þ yþ y0 o; yAk2  k
ð1; 1; 1; 1Þ-cubic P þ yþ y0 þ y00 PAP1ðkÞ; yAk3  k
ð1; 1; 1; 1Þ-quartic yþ y0 þ y00 þ y000 yAk4  k2
ð1; 1; 3Þ-split P1 þ P2 þ 3P P1; P2; PAP1ðkÞ
ð1; 1; 3Þ-quadratic yþ y0 þ 3P PAP1ðkÞ; yAk2  k
ð3; 3Þ-split 3P1 þ 3P2 P1; P2AP1ðkÞ
ð3; 3Þ-quadratic 3yþ 3y0 yAk2  k
E. Nart, D. Sadornil / Finite Fields and Their Applications 10 (2004) 198–220 201
any choice of a rational function satisfying:
uðgðxÞÞ þ ugðxÞ ¼ vu;gðxÞ þ vu;gðxÞ2:
Any k-automorphism j of C ¼ CuðxÞ can be expressed in afﬁne coordinates as
jðx; yÞ ¼ ðgðxÞ; y þ vu;gðxÞÞ; for some uniquely determined gAGuðxÞ: We denote by
p: AutkðCuðxÞÞ-GuðxÞ the homomorphism sending j to g:
Proposition 2. With the above notations,
1. For any couple uðxÞ; u0ðxÞAN; the curves CuðxÞ; Cu0ðxÞ are k-isomorphic if and only
if there exists gAGW such that u0ðxÞ ¼ ugðxÞ:
2. For any uðxÞAN we have an exact sequence
1-f1; ig-AutkðCuðxÞÞ!p GuðxÞ-1:
Moreover, if the map, vu:GuðxÞ-kðxÞ; given by g/vu;gðxÞ; is a 1-cocycle of GuðxÞ
with values in the additive group kðxÞ; then the exact sequence splits.
2. Action of PGL2ðkÞ on 4-sets of P1
Let k be a ﬁnite ﬁeld with q ¼ 2m elements. We ﬁx an algebraic closure %k of k and
we denote by G ¼ Galð %k=kÞ the absolute galois group of k; by K the unique
quadratic extension of k inside %k and by eA %k a choice of a primitive 3rd root of unity.
Finally, for any separable polynomial f ðxÞAk½x	 we denote by Zð f ðxÞÞ the set of its
roots in %k:
The divisors of P1 of type ð1; 1; 1; 1Þ and deﬁned over k are in natural bijection
with the set X of galois invariant 4-sets of P1ð %kÞ: An element xAX is an unordered
family x ¼ fP1; P2; P3; P4g of four points of P1ð %kÞ which is invariant, as a set, by the
action of G:
fP1; P2; P3; P4g ¼ fPs1 ; Ps2 ; Ps3 ; Ps4g; 8sAG:
The set X decomposes as the disjoint union of the subsets gathering the 4-sets with
the same galois structure (see the ﬁrst ﬁve lines of Table 1):
X ¼ Xsplit,Xsplitþquadr:,Xquadratic,Xcubic,Xquartic: ð2Þ
The natural action of G :¼ PGL2ðkÞ on P1ð %kÞ commutes with the action of G; hence,
X and all these subsets are stable under the action of G: The aim of this section is to
exhibit a system of representatives of G\X and to compute their isotropy subgroup.
We shall work out this question independently on each of the subsets of (2).
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Formulas for jG\Xsplitj and jG\X j can be found respectively in [5,6]. With the same
ideas it is easy to ﬁnd the number of orbits of each subset of (2) under the action of
G: Throughout the paper, the symbol ½a	condition in a formula means: add a if the
‘‘condition’’ is satisﬁed.
Proposition 3.
jG\Xsplitj ¼ q  2
6
þ 2
3
 
m even
; jG\Xcubicj ¼ q þ 1
3
þ 4
3
 
m even
;
jG\Xsplitþquadr:j ¼ q
2
; jG\Xquadraticj ¼ q
2
 1; jG\Xquarticj ¼ q
2
:
If N is the number of orbits, we shall exhibit in each case a family of N 4-sets
which is either faithful (any two different elements in the family are G-inequivalent)
or complete (any 4-set is G-equivalent to one in the family).
Split case: Any 4-set of P1ðkÞ is G-equivalent to fN; 0; 1; tg for some tAk  f0; 1g:
Hence, if TDk is a system of representatives of GfN;0;1g\ðk  f0; 1gÞ; the family of 4-
sets:
fN; 0; 1; tg; tAT
is complete. Here GfN;0;1g denotes the isotropy group of fN; 0; 1g:
fx; 1=x; 1þ x; x=ð1þ xÞ; 1=ð1þ xÞ; ð1þ xÞ=xgCS3:
The action of this group on k  f0; 1g has trivial isotropy subgroups, except for t ¼ e
(if m is even), which has isotropy subgroup fx; 1
xþ1;
xþ1
x
g and orbit fe; e2g: Thus,
jT j ¼ jG\Xsplitj and the above family of 4-sets is faithful too.
The isotropy subgroup of these 4-sets is easy to compute:
GfN;0;1;tg ¼ x; t
x
;
x þ t
x þ 1;
tx þ t
x þ t
 
CC2  C2 for tae; ð3Þ
GfN;0;1;eg
¼ x; e2x þ 1; ex þ e; e
x
;
x þ 1
x
;
ex þ e2
x
;
1
x þ 1;
ex
x þ 1;
x þ e
x þ 1;
e2
x þ e;
x
x þ e;
ex þ e
x þ e
 
CC3sðC2  C2Þ: ð4Þ
Split+quadratic case: Any 4-set of P1ð %kÞ with exactly two points deﬁned over k is
G-equivalent to one of the type: fN; 0; y; y0g; where y; y0 are the roots of a quadratic
irreducible polynomial of k½x	: By applying to the 4-set the transformation gðxÞ ¼
TrK=kðyÞ1x; we can assume that TrK=kðyÞ ¼ 1:
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Thus, if T ¼ k ASðkÞ; the family of 4-sets:
fN; 0g,Zðx2 þ x þ tÞ; tAT
is complete. Since jT j ¼ jG\Xsplitþquadr:j; it is faithful too. Moreover,
GfN;0;y;y0g ¼ GfN;0g-Gfy;y0g ¼ fx; t=xgCC2:
Quadratic case: We ﬁx sAk ASðkÞ and we consider the quadratic irreducible
polynomial f ðxÞ ¼ x2 þ x þ s: If Zð f ðxÞÞ ¼ fy; y0g; we have
Gy ¼ Gy0 ¼ fxg,frlðxÞ; lAkg; where rlðxÞ ¼
lx þ s
x þ lþ 1;
and the isotropy group of Zð f ðxÞÞ under the action of G is:
GZð f ðxÞÞ ¼ Gy,ðGy3ðx þ 1ÞÞCC2sGy: ð5Þ
By Cardona et al. [2, Lemma 6], any 4-set in Xquadratic is G-equivalent to:
Zð f ðxÞÞ,Zðx2 þ ux þ vÞ; for some quadratic irreducible polynomial x2 þ ux þ v:
Moreover, we can assume that u ¼ 1: In fact, if ua1 and oAZðx2 þ ux þ vÞ; we have
TrK=kðrlþ1ðoÞÞ ¼ 1; for the element lAk satisfying l2 ¼ ðsu þ vÞ=ðu þ 1Þ: Thus, if
T ¼ k  ðfsg,ASðkÞÞ; the family of 4-sets:
Zðx2 þ x þ sÞ,Zðx2 þ x þ tÞ; tAT
is complete. Since jT j ¼ jG\Xquadraticj; it is faithful too.
Finally, it is easy to check that, for uAk satisfying u þ u2 ¼ s þ t:
GZðx2þxþsÞ,Zðx2þxþtÞ ¼ fx; x þ 1; x þ u; x þ u þ 1gCC2  C2:
Cubic case: By Cardona et al. [2, Lemma 7] we can ﬁx sAk such that the following
cubic polynomial is irreducible in k½x	:
f ðxÞ ¼ x
3 þ s if m is even;
x3 þ sx þ s if m is odd:

If Zð f ðxÞÞ ¼ fy; y0; y00g; the isotropy group of this triple under the action of G is
isomorphic to C3:
Gfy;y0;y00g ¼
fx; ex; e2xg if m is even;
x;
wx þ s
x þ w þ 1;
ð1þ wÞx þ s
x þ w
 
if m is odd;
8<
:
where wAk satisﬁes w þ w2 ¼ s þ 1 [2].
By Cardona et al. [2, Lemma 6], any 4-set in Xcubic is G-equivalent to Zð f ðxÞÞ,ftg
for some tAP1ðkÞ: Hence, if TDP1ðkÞ is a system of representatives of
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Gfy;y0;y00g\P
1ðkÞ; the family of 4-sets:
Zð f ðxÞÞ,ftg; tAT
is complete. On the other hand, the action of Gfy;y0;y00g on P
1ðkÞ has no ﬁxed points if
m is odd and two ﬁxed points, 0;N; if m is even. Thus, jT j ¼ jG\Xcubicj; and the
above family of 4-sets is faithful too. Moreover,
Gfy;y0;y00;tg ¼ Gfy;y0;y00g-Gt ¼
fx; ex; e2xg if tAfN; 0g and m is even;
fxg otherwise:

Quartic case: It is natural to look for the simplest representatives of quartic
irreducible polynomials under the action of G: First of all we see that among the
trinomials of the type x4 þ bx þ c we ﬁnd at most one orbit.
Lemma 4. Let f ðxÞ ¼ x4 þ bx þ cAk½x	; with ba0:
(1) If m is even, the polynomial f ðxÞ is not irreducible.
(2) If m is odd, the polynomial f ðxÞ is irreducible if and only if c=z4eASðkÞ; where
zAk satisfies z3 ¼ b: If f ðxÞ is irreducible, then it is G-equivalent to x4 þ x þ 1:
Proof. If beðkÞ3; the F2-linear map, x/x4 þ bx; is an automorphism of k; hence,
f ðxÞ has a (unique) root in k:
If b ¼ z3; for some zAk; the transformation gðxÞ ¼ z1x sends Zð f ðxÞÞ to Zðx4 þ
x þ ðc=z4ÞÞ: Thus, we are led to study the irreducibility of gðxÞ ¼ x4 þ x þ CAk½x	:
This polynomial decomposes in K ½x	:
x4 þ x þ C ¼ ðx2 þ x þ wÞðx2 þ x þ w þ 1Þ; ð6Þ
where wAK satisﬁes C ¼ w þ w2: If CAASðkÞ; we have wAk and (6) is a
factorization of gðxÞ in k½x	: If CeASðkÞ; then wAK  k and TrK=kðwÞ ¼ 1: Hence,
TrK=F2ðwÞ ¼ Trk=F2ð1Þ ¼ 0; 1; according to m even or odd. Thus, if m is even we have
wAASðKÞ and the quadratic polynomial x2 þ x þ w has roots in K ; in particular,
gðxÞ has roots in K : On the other hand, if m is odd we get weASðKÞ and the
polynomials x2 þ x þ w; x2 þ x þ w þ 1 are irreducible in K ½x	; in particular, gðxÞ is
irreducible in k½x	:
Finally, if m is odd, the F2-linear endomorphism of k; jðxÞ ¼ x4 þ x; has
KerðjÞ ¼ f0; 1g and ðk: ImðjÞÞ ¼ 2: Since ImðjÞDASðkÞ; we get ImðjÞ ¼ ASðkÞ:
Hence, if CeASðkÞ; we have C þ 1AASðkÞ ¼ ImðjÞ and C þ 1 ¼ l4 þ l for some
lAk: Thus, the transformation gðxÞ ¼ x þ l sends ZðgðxÞÞ to Zðx4 þ x þ 1Þ: &
We ﬁnd now representatives of all orbits among the separable polynomials of the
type x4 þ ax2 þ bx þ 1: Let us characterize ﬁrst which of these polynomials are
irreducible.
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Lemma 5. Let f ðxÞ ¼ x4 þ ax2 þ bx þ 1Ak½x	; with ba0:
(i) f ðxÞ has a cubic irreducible factor in k½x	 if and only if x3 þ ax þ b is irreducible.
(ii) f ðxÞ decomposes in k½x	 as the product of two polynomials of degree two (not
necessarily irreducible) if and only if x3 þ ax þ b has three roots in k or only one
root zAk and ðz2 þ aÞ1AASðkÞ:
(iii) f ðxÞ is irreducible in k½x	 if and only if x3 þ ax þ b has only one root zAk and
ðz2 þ aÞ1eASðkÞ:
Proof. If yAZð f ðxÞÞ; we have in complete generality:
Zð f ðxÞÞ ¼ yþ Zðx4 þ ax2 þ bxÞ ¼ fyg,ðyþ Zðx3 þ ax þ bÞÞ: ð7Þ
If x3 þ ax þ b has no roots in k; the F2-linear mapping, x/x4 þ ax2 þ bx is an
automorphism of k and f ðxÞ has exactly one root in k: Conversely, by (7), if x3 þ
ax þ b has roots in k then f ðxÞ has either no root or at least two roots in k: This
proves (i).
A decomposition of f ðxÞ in k½x	 as the product of two polynomials of degree two is
characterized by the existence of z; rAk such that:
x4 þ ax2 þ bx þ 1 ¼ ðx2 þ zx þ rÞðx2 þ zx þ r1Þ3 z
3 þ az þ b ¼ 0;
r þ r1 ¼ z2 þ a:

Now, if zAk is a root of x3 þ ax þ b; the existence of rAk satisfying r þ r1 ¼
z2 þ a is equivalent to the polynomial x2 þ ðz2 þ aÞx þ 1 having roots in k and this is
in turn equivalent to ðz2 þ aÞ1AASðkÞ:
On the other hand, if x3 þ ax þ b has three roots z1; z2; z3Ak; we have:
ðz21 þ aÞ1 þ ðz22 þ aÞ1 þ ðz23 þ aÞ1 ¼ 0;
so that at least one of the roots satisﬁes ðz2i þ aÞ1AASðkÞ: This proves (ii).
Finally, (iii) is consequence of (i) and (ii). &
Proposition 6. Let T ¼ ðk ASðkÞÞ1Dk be the set of inverses of elements not
belonging to the Artin–Schreier group. Then, the family of 4-sets:
Zðx4 þ ðt þ t2Þx2 þ t2x þ 1Þ; tAT ; ð8Þ
is a faithful and complete system of representatives of G\Xquartic:
Moreover, the isotropy subgroup of each 4-set is fx; x þ tgCC2:
Proof. Let us denote htðxÞ ¼ x4 þ ax2 þ bx þ 1; where a ¼ t þ t2; b ¼ t2: We have a
factorization: x3 þ ax þ b ¼ ðx þ tÞðx2 þ tx þ tÞ: Since t1eASðkÞ; the polynomial
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x2 þ tx þ t is irreducible in k½x	 and t is the unique root of x3 þ ax þ b in k: Since
ðt2 þ aÞ1 ¼ t1eASðkÞ; the polynomial htðxÞ is irreducible by Lemma 5.
Since jT j ¼ jG\Xquarticj; it is sufﬁcient to check that the 4-sets in (8) are pairwise G-
inequivalent. For r; sAk; ra0; the afﬁnity gðxÞ ¼ rx þ s sends Zðx4 þ ax2 þ bx þ 1Þ
to Zðx4 þ r2ax2 þ r3bx þ r4 þ s4 þ as2r2 þ bsr3Þ: Assume that r3t2 ¼ ðt0Þ2 and r2ðt þ
t2Þ ¼ t0 þ ðt0Þ2; for some t0Ak: From the ﬁrst equality we get t0 ¼ r ﬃﬃrp t and the second
equality leads to:
r2t þ r2t2 ¼ t0 þ ðt0Þ2 ¼ r ﬃﬃrp t þ r3t2;
which is equivalent to r ¼ 1 or t1 ¼ ﬃﬃrp þ r: If r ¼ 1; we have t ¼ t0 so that gðxÞ
transforms htðxÞ into itself ( for s ¼ t and 0). The second possibility contradicts our
assumption that t1eASðkÞ:
Assume now that gðxÞ ¼ ðrx þ sÞ=ðx þ uÞ; with saru: Let yAZðhtðxÞÞ and L ¼
kðyÞ be the quartic extension of k in %k: We have, ðyþ uÞ1 ¼ htðuÞ1ðy3 þ uy2 þ
ðu2 þ aÞyþ u3 þ au þ bÞ; so that,
gðyÞ ¼ htðuÞ1ððru þ sÞðy3 þ uy2 þ ðu2 þ aÞyÞ þ r þ sðu3 þ au þ bÞÞ:
Since TrL=kðyÞ ¼ TrL=kðy2Þ ¼ 0; TrL=kðy3Þ ¼ b; we get:
TrL=kðgðyÞÞ ¼ htðuÞ1ðru þ sÞba0:
Thus, gðxÞ can never transform ZðhtðxÞÞ into another 4-set of our family.
Also, we have seen that only the afﬁnities x; x þ t leave ZðhtðxÞÞ invariant. &
For m odd, the single orbit represented by the zeros of irreducible polynomials of
the type x4 þ bx þ c corresponds to the value t ¼ 1 of our parameterization.
3. Rational models of hyperelliptic curves of genus three
In this section we exhibit families of normal equations describing all k-
isomorphism classes of hyperelliptic curves of genus 3. For each of the possible
arithmetic structure of the ramiﬁcation divisor (see (1) and Table 1), we apply the
procedure that was explained at the end of Section 1. We ﬁx a system of
representatives modulo the action of PGL2ðkÞ of divisors W of P1 of the right type
and for each W we exhibit a familyNDkðxÞ of representatives under the action of
ASðkðxÞÞ of the set of rational functions having W as divisor of poles. We classify
then the curves with model y2 þ y ¼ uðxÞ; uðxÞAN; up to k-isomorphism and we
determine the automorphism group of each curve, just by computing the action of
GW on N and by applying Proposition 2.
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Two curves corresponding to different divisors W are always non-isomorphic.
Two curves corresponding to the same divisor W are isomorphic if and only if they
are in the same orbit of N under the action of GW :
The rational functions inN depend on ﬁve parameters ða; b; c; d; eÞ: With abuse of
language we denote also by N the set of values of these parameters. In the
computation of the action of GW onN the parameter e has to be understood as an
element of k=ASðkÞ: However, in the computation of the elements vu;gðxÞ such that
vu;gðxÞ þ vu;gðxÞ2 ¼ uðxÞ þ ugðxÞ it is necessary to make a choice of eAk inside the
corresponding class modulo ASðkÞ:
In all models, we have ZN ¼W or ZN ¼W,fP; Pig; according to
NASuppðWÞ or not. The points P; Pi are deﬁned over k if and only if the
parameter eAk=ASðkÞ vanishes.
3.1. Generic case: ð1; 1; 1; 1Þ
The curves of type ð1; 1; 1; 1Þ determine an open subset of the moduli space of
hyperelliptic curves of genus three.
In Section 2 we found representatives under the action of PGL2ðkÞ of the set of
effective divisors of P1 deﬁned over k; of degree four and with support in four
different points. These representatives Wt depend on a parameter t living in a set T
which depends on the arithmetic structure of the divisor.
In all cases ð1; 1; 1; 1Þ we can choose vu;gðxÞ ¼ 0 for all uðxÞAN and gðxÞAGWt ;
hence, the exact sequence of Proposition 2 always splits.
Case ð1; 1; 1; 1Þ-split: Let T ¼ GfN;0;1g\ðk  f0; 1gÞ and let N ¼ k  k  k 
k  ðk=ASðkÞÞ: Any curve with ramiﬁcation divisor of this type is k-isomorphic to
one of the curves Ctabcde with quasi-afﬁne model:
y2 þ y ¼ ax þ b
x
þ c
x þ 1þ
d
x þ t þ e; tAT ; ða; b; c; d; eÞAN:
For these curves, Wt ¼ ½N	 þ ½0	 þ ½1	 þ ½t	 and the subgroup GWt has been
computed in (3) and (4). If tae; the orbit of ða; b; c; d; eÞAN has generically four
elements:
ða; b; c; d; eÞ d
tðt þ 1Þ;
ct
t þ 1;
bðt þ 1Þ
t
; atðt þ 1Þ; e þ at þ b
t
þ c
t þ 1þ
d
t þ 1

 
b
t
; at;
d
t
; ct; e þ c þ d
t

 
c
t þ 1;
d
t þ 1; aðt þ 1Þ; bðt þ 1Þ; e þ a þ b þ
c
t þ 1þ
d
t þ 1

  ;
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whereas for t ¼ e the orbit has generically 12 elements:
ða; b; c; d; eÞ ðd; ce2; be; a; e þ aeþ be2 þ ceþ deÞ
ðbe2; ae; de2; ce; e þ c þ de2Þ ðce; de; ae2; be2; e þ a þ b þ ceþ deÞ
ðc; a; b; de2; e þ a þ b þ deÞ ðde2; be2; ae; c; e þ aeþ be2 þ ceþ de2Þ
ðae2; ce; de; be; e þ aÞ ðbe; d; ce2; ae2; e þ be2 þ c þ de2Þ
ðb; c; a; de; e þ b þ c þ de2Þ ðce2; be; d; ae; e þ a þ b þ c þ deÞ
ðae; de2; be2; ce2; e þ aeÞ ðde; ae2; ce; b; e þ aeþ be2 þ ceÞ
The isotropy group Gabcde of any ða; b; c; d; eÞ under the action of GWt is:
GabcdeC
x;
t
x
n o
if b ¼ at; d ¼ ct; caaðt þ 1Þ;
x;
x þ t
x þ 1
 
if c ¼ aðt þ 1Þ; d ¼ bðt þ 1Þ; baat;
x;
tx þ t
x þ t
 
if d ¼ atðt þ 1Þ; c ¼ bt þ 1
t
; baat;
x;
t
x
;
x þ t
x þ 1;
tx þ t
x þ t
 
if b ¼ at; c ¼ aðt þ 1Þ; d ¼ atðt þ 1Þ;
fxg otherwise:
8>>>>>>><
>>>>>>>>:
We obtain a uniﬁed description of Gabcde because the eight special elements in GWt
appearing in the case t ¼ e have no ﬁxed points on N: For any curve we have an
split exact sequence:
1-f1; ig-AutkðCtabcdeÞ-Gabcde-1: ð9Þ
For instance, if b ¼ at; c ¼ aðt þ 1Þ; d ¼ atðt þ 1Þ the eight k-automorphisms of
Ctabcde are,
ðx; yÞ!id ðx; yÞ ðx; yÞ!i ðx; y þ 1Þ
ðx; yÞ!U t
x
; y
 
ðx; yÞ!iU t
x
; y þ 1
 
ðx; yÞ!V x þ t
x þ 1; y

 
ðx; yÞ!iV x þ t
x þ 1; y þ 1

 
ðx; yÞ !UV tx þ t
x þ t ; y

 
ðx; yÞ !iUV tx þ t
x þ t ; y þ 1

 
Case ð1; 1; 1; 1Þ-split+quadratic: Let T ¼ k ASðkÞ and let N ¼ k  k  ððk 
kÞ  fð0; 0ÞgÞ  ðk=ASðkÞÞ: Any curve with ramiﬁcation divisor of this type is
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k-isomorphic to one of the curves Ctabcde with quasi-afﬁne model:
y2 þ y ¼ ax þ b
x
þ cx þ d
x2 þ x þ t þ e; tAT ; ða; b; c; d; eÞAN:
For these curves, Wt ¼ ½N	 þ ½0	 þ ½y	 þ ½y0	; where y; y0A %k are the roots of x2 þ
x þ t: We have GWt ¼ fx; t=xgCC2 and the orbit of ða; b; c; d; eÞAN has generically
two elements:
ða; b; c; d; eÞ; b
t
; at; c þ d
t
; d; e þ d
t

 
:
The isotropy group Gabcde of any ða; b; c; d; eÞ under the action of GWt is non-trivial
only for b ¼ at; d ¼ 0; in which case AutkðCtabcdeÞ ¼ f1; i; U ; iUgCC2  C2; where
Uðx; yÞ ¼ ðt=x; yÞ: In all other cases AutkðCtabcdeÞ ¼ f1; ig:
Case ð1; 1; 1; 1Þ-quadratic: We ﬁx sAk ASðkÞ and we consider T ¼ k 
ðASðkÞ,fsgÞ and N ¼ ððk  kÞ  fð0; 0ÞgÞ  ððk  kÞ  fð0; 0ÞgÞ  ðk=ASðkÞÞ:
Any curve with ramiﬁcation divisor of this type is k-isomorphic to one of the
curves Ctabcde with quasi-afﬁne model:
y2 þ y ¼ ax þ b
x2 þ x þ s þ
cx þ d
x2 þ x þ t þ e; tAT ; ða; b; c; d; eÞAN:
For these curves, Wt ¼ ½y	 þ ½y0	 þ ½o	 þ ½o0	; where y; y0;o;o0A %k are the respective
roots of x2 þ x þ s and x2 þ x þ t: If uAk satisﬁes u þ u2 ¼ s þ t; we have GWt ¼
fx; x þ 1; x þ u; x þ u þ 1gCC2  C2: Thus, the orbit of ða; b; c; d; eÞAN has
generically four elements:
ða; b; c; d; eÞ ða; a þ b; c; c þ d; eÞ
ðc; cu þ d; a; au þ b; eÞ ðc; cðu þ 1Þ þ d; a; aðu þ 1Þ þ b; eÞ:
For any curve we have a split exact sequence (9), where,
GabcdeC
fx; x þ 1g if a ¼ c ¼ 0; bad;
fx; x þ ug if a ¼ ca0; b ¼ au þ d;
fx; x þ u þ 1g if a ¼ ca0; b ¼ aðu þ 1Þ þ d;
GWt if a ¼ c ¼ 0; b ¼ d;
fxg otherwise:
8>>>><
>>>:
Case ð1; 1; 1; 1Þ-cubic: Let N ¼ k  ððk  k  kÞ  fð0; 0; 0ÞgÞ  ðk=ASðkÞÞ: As-
sume that m is even. We ﬁx sAk such that the polynomial f ðxÞ ¼ x3 þ s is
irreducible and we denote by m3 ¼ fx; ex; e2xg the isotropy subgroup of Zð f ðxÞÞ
under the action of PGL2ðkÞ: Let T ¼ m3\P1ðkÞ: Any curve with ramiﬁcation divisor
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of this type is k-isomorphic to a curve with quasi-afﬁne model:
CNabcde:y
2 þ y ¼ ax þ bx
2 þ cx þ d
x3 þ s þ e; ða; b; c; d; eÞAN;
or to one of the curves:
Ctabcde:y
2 þ y ¼ a
x þ t þ
bx2 þ cx þ d
x3 þ s þ e; tAT  fNg; ða; b; c; d; eÞAN:
If m is odd, we ﬁx sAk such that f ðxÞ ¼ x3 þ sx þ s is irreducible. We know that
1þ s ¼ w þ w2; for certain wAk and we denote by Gs ¼ fx; wxþsxþwþ1; ð1þwÞxþsxþw g the
isotropy subgroup of Zð f ðxÞÞ under the action of PGL2ðkÞ: We consider T ¼
Gs\P1ðkÞ and we assume that TDk (we select wAT from the orbit ofN). Any curve
with ramiﬁcation divisor of this type is k-isomorphic to one of the curves Ctabcde with
quasi-afﬁne model:
y2 þ y ¼ a
x þ t þ
bx2 þ cx þ d
x3 þ sx þ s þ e; tAT ; ða; b; c; d; eÞAN:
In both cases, Wt ¼ ½t	 þ ½y	 þ ½y0	 þ ½y00	; where fy; y0; y00g ¼ Zð f ðxÞÞ: We have
GWt ¼ m3; if m is even and t ¼N; 0 and GWt ¼ f1g in all other cases. For m even and
t ¼N; the orbit of ða; b; c; d; eÞAN is:
ða; b; c; d; eÞ; ðae; be2; ce; d; eÞ; ðae2; be; ce2; d; eÞ;
whereas for m even and t ¼ 0 the orbit is:
ða; b; c; d; eÞ; ðae2; be2; ce; d; eÞ; ðae; be; ce2; d; eÞ:
All groups Gabcde are trivial, so that AutkðCtabcdeÞ ¼ f1; ig in all cases.
Case ð1; 1; 1; 1Þ-quartic: Let N ¼ ððk  k  k  kÞ  fð0; 0; 0; 0ÞgÞ  ðk=ASðkÞÞ;
T ¼ ðk ASðkÞÞ1: Any curve with ramiﬁcation divisor of this type is k-isomorphic
to one of the curves Ctabcde with quasi-afﬁne model:
y2 þ y ¼ ax
3 þ bx2 þ cx þ d
x4 þ ðt þ t2Þx2 þ t2x þ 1þ e; tAT ; ða; b; c; d; eÞAN:
For these curves, Wt ¼ ½y	 þ ½y0	 þ ½y00	 þ ½y000	; where y; y0; y00; y000A %k are the roots of
x4 þ ðt þ t2Þx2 þ t2x þ 1: We have GWt ¼ fx; x þ tgCC2 and the orbit of
ða; b; c; d; eÞAN has generically two elements:
ða; b; c; d; eÞ; ða; b þ at; c þ at2; d þ at3 þ bt2 þ ct; eÞ:
The isotropy group Gabcde of any ða; b; c; d; eÞ under the action of GWt is non-trivial
only for c ¼ bt; a ¼ 0; in which case AutkðCtabcdeÞ ¼ f1; i; U ; iUgCC2  C2; where
Uðx; yÞ ¼ ðx þ t; yÞ: In all other cases AutkðCtabcdeÞ ¼ f1; ig:
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3.2. Non-generic cases
All divisors of P1 of a given non-generic case are PGL2-equivalent. In each case we
choose a natural single representative W :
Case ð1; 1; 3Þ-split: Let N ¼ k  k  k  k  ðk=ASðkÞÞ: Any curve with
ramiﬁcation divisor of this type is k-isomorphic to one of the curves Cabcde with
quasi-afﬁne model:
y2 þ y ¼ ax3 þ bx2 þ c
x
þ d
x þ 1þ e; ða; b; c; d; eÞAN:
In this case W ¼ ½0	 þ ½1	 þ 3½N	; GW ¼ fx; x þ 1gCC2 and the orbit of
ða; b; c; d; eÞAN has generically two elements:
ða; b; c; d; eÞ ða; b þ a þ a2; d; c; e þ a þ bÞ:
We have AutkðCabcdeÞ ¼ f1; ig; except for a ¼ 1; c ¼ d; b þ 1AASðkÞ; in which case
Gabcde is non-trivial and AutkðCabcdeÞ ¼ f1; i; U ; iUgCC4; where Uðx; yÞ ¼ ðx þ
1; y þ x þ wÞ and wAk satisﬁes w þ w2 ¼ b þ 1:
Case ð1; 1; 3Þ-quadratic: Let us ﬁx sAk ASðkÞ and let N ¼ k  k  ðk  kÞ 
fð0; 0Þg  ðk=ASðkÞÞ: Any curve with ramiﬁcation divisor of this type is k-
isomorphic to one of the curves Cabcde with quasi-afﬁne model:
y2 þ y ¼ ax3 þ bx2 þ cx þ d
x2 þ x þ s þ e; ða; b; c; d; eÞAN:
For these curves, W ¼ ½y	 þ ½y0	 þ 3½N	; where y; y0A %k are the roots of x2 þ x þ s:
We have GW ¼ fx; x þ 1gCC2 and the orbit of ða; b; c; d; eÞAN has generically two
elements:
ða; b; c; d; eÞ; ða; b þ a þ a2; c; c þ d; e þ a þ bÞ:
As in the previous case, AutkðCabcdeÞ ¼ f1; ig; except for a ¼ 1; c ¼ 0; b þ 1AASðkÞ;
in which case AutkðCabcdeÞ ¼ f1; i; U ; iUgCC4; where Uðx; yÞ ¼ ðx þ 1; y þ x þ wÞ
and wAk satisﬁes w þ w2 ¼ b þ 1:
Case ð3; 3Þ-split: LetN ¼ k  k  k  k  ðk=ASðkÞÞ: Any curve with ramiﬁca-
tion divisor of this type is k-isomorphic to one of the curves Cabcde with quasi-afﬁne
model:
y2 þ y ¼ ax3 þ bx2 þ cx þ d
x3
þ e; ða; b; c; d; eÞAN:
For these curves, W ¼ 3½N	 þ 3½0	 and GW ¼ flx; j lAkg,f 1mx j mAkgCC2sk:
The orbit of ða; b; c; d; eÞAN is:
ðal3; bl2; cl2; dl3; eÞ ðdm3; cm2; bm2; am3; eÞ;
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with l; mAk: We have always an split exact sequence (9) since vu;gðxÞ ¼ 0 in all cases.
The isotropy subgroups Gabcde are trivial, except for:
Gabcde ¼
x;
1
mx
 
; if a ¼ m3d; b ¼ m2c and ðm odd or ca0Þ;
1
mx
; ex
 
CS3; if a ¼ m3d; b ¼ c ¼ 0 and m even;
fx; ex; e2xg; if ad1eðkÞ3; b ¼ c ¼ 0 and m even:
8>>><
>>>:
Case ð3; 3Þ-quadratic: Let N ¼ k  k  ððk  kÞ  fð0; 0ÞgÞ  ðk=ASðkÞÞ: We fix
f ðxÞ ¼ x2 þ x þ s; for some sAk ASðkÞ: Any curve with ramiﬁcation divisor of this
type is k-isomorphic to one of the curves Cabcde with quasi-afﬁne model:
y2 þ y ¼ ðax þ bÞðx
2 þ x þ sÞ þ cx þ d
ðx2 þ x þ sÞ3 þ e; ða; b; c; d; eÞAN:
For these curves, W ¼ 3½y	 þ 3½y0	; where fy; y0g ¼ Zð f ðxÞÞ and GW ¼ Gfy;y0g has
been computed in (5):
GW ¼ f1; tg,frl j lAkg,frlt j lAkg:
The action of t transforms ða; b; c; d; eÞAN into ða; a þ b; c; c þ d; eÞ: The action of
rl transforms ða; b; c; d; eÞ into ða0; b0; c0; d 0; e0Þ given by:
a0 ¼ ða2 þ aw þ b þ cÞz2 þ ðc2ðz2 þ l2Þ þ d2Þz6;
b0 ¼ ðða þ a2Þs þ a2l2 þ bðw þ 1Þ þ clðz þ 1Þ þ dzÞz2 þ ðclþ dÞz3
þ ða2 þ b þ alÞ2z4 þ ðc2ðsw þ l2Þ þ d2wÞz6 þ ðcðz þ lÞ þ dÞ4z12;
c0 ¼ ðcðz3 þ lz2 þ wÞ þ dðz2 þ 1ÞÞz3;
d 0 ¼ ðcsðz2 þ 1Þ þ dðz3 þ ðlþ 1Þz2 þ w þ 1ÞÞz3;
e0 ¼ e þ ðalþ bÞz2 þ ðclþ dÞz3;
where we have denoted z :¼ f ðlÞ; w :¼ z2 þ z þ l: The action of rlt transforms
ða; b; c; d; eÞ into ða0; a0 þ b0; c0; c0 þ d 0; e0Þ: The exact sequence (9) always splits and
the isotropy subgroups Gabcde are trivial, except for:
Gabcde ¼f1; tgCC23a ¼ c ¼ 0 and ðbad2 if m is oddÞ:
Gabcde ¼f1; rltgCC23
b ¼ ða þ c2Þl2 þ as þ c þ a2 þ c2 þ d2;
GcdðlÞ ¼ 0 and ðaac2 if m is oddÞ;
(
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where GcdðxÞ :¼ cx3 þ dx2 þ ðd þ csÞx þ d þ cs þ dsAk½x	:
Gabcde ¼f1; rl; rlþ1gCC3
a ¼ c2; b ¼ d2 þ c4 þ c2ðs þ 1Þ þ c;
f ðlÞ ¼ 1; GcdðxÞ has no roots in k:

Gabcde ¼/rl; rmtSCS3
a ¼ c2; b ¼ d2 þ c4 þ c2ðs þ 1Þ þ c;
f ðlÞ ¼ 1; GcdðmÞ ¼ 0:

Gabcde ¼/rl; tSCS3 a ¼ c ¼ b þ d2 ¼ 0; f ðlÞ ¼ 1:
We leave to the reader the details concerning these computations.
Case ð1; 5Þ: Let N ¼ k  k  k  k  ðk=ASðkÞÞ: Any curve with ramiﬁcation
divisor of this type is k-isomorphic to one of the curves Cabcde with quasi-afﬁne
model:
y2 þ y ¼ ax5 þ bx4 þ cx3 þ d
x
þ e; ða; b; c; d; eÞAN:
For these curves, W ¼ ½0	 þ 5½N	 and GW ¼ flx j lAkgCk: The orbit of
ða; b; c; d; eÞAN is:
ðal5; bl4; cl3; dl1; eÞ; lAk:
All groups Gabcde are trivial and AutkðCabcdeÞ ¼ f1; ig in all cases.
Case (7): Let N ¼ k  k  k  k  ðk=ASðkÞÞ: Any curve with ramiﬁcation
divisor of this type is k-isomorphic to one of the curves Cabcde with quasi-afﬁne
model:
y2 þ y ¼ ax7 þ bx6 þ cx5 þ dx4 þ e; ða; b; c; d; eÞAN:
For these curves, W ¼ 7½N	 and GW ¼ flx þ n j lAk; nAkgCksk: Given
a; b; c; dAk; aa0; let us consider the polynomials:
FabcdðxÞ ¼ ax7 þ bx6 þ cx5 þ dx4;
EabcðxÞ ¼ a4x24 þ c4x16 þ a2x10 þ b2x8 þ ax3 þ bx2 þ cx:
The orbit of ða; b; c; d; eÞAN under the action of GW is:
ðl7a; l6ðb þ anþ a2n8Þ; l5ðc þ an2Þ; l4ðd þ EabcðnÞÞ; e þ FabcdðnÞÞ;
with ðl; nÞAksk: Let m7D %k be the subgroup of 7-th roots of unity. If lx þ
nAGabcde we have necessarily:
lAm7; ð1þ l2Þc ¼ an2: ð10Þ
Thus, n is determined by l; for instance, n ¼ 0 if l ¼ 1: Therefore, all isotropy
subgroups Gabcde are trivial if 3[m; since m7-k ¼ f1g: On the other hand, if 3jm;
we have m7Dk
 and for any ðl; nÞAm7sk; with la1; we have lx þ nAGabcde if
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and only if:
b ¼ ðanþ a2n8Þð1þ lÞ1; c ¼ an2ð1þ l2Þ1; d ¼ EabcðnÞð1þ l3Þ1: ð11Þ
In fact, it is straightforward to check that for this choice of b; c; d one has always
FabcdðnÞ ¼ w þ w2AASðkÞ; where
w ¼ an7ð1þ l3Þ þ a2n14ð1þ l2Þ: ð12Þ
Finally, if lx þ n; l0x þ n0AGabcde; with l; l0a1; we deduce from (10):
nð1þ lÞ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ca1
p
¼ n0ð1þ l0Þ1;
and this implies that ðl; nÞ; ðl0; n0Þ generate the same cyclic subgroup of m7sk: Thus,
the isotropy subgroups Gabcde are all cyclic:
Gabcde ¼ /lx þ nSCC7; if l
7 ¼ 1; la1; b ¼ ðanþ a2n8Þð1þ lÞ1;
c ¼ an2ð1þ l2Þ; d ¼ EabcðnÞð1þ l3Þ1;
(
and trivial otherwise. Moreover, for any non-trivial gðxÞ ¼ lx þ nAGabcde we can
take,
vu;gðxÞ ¼ l3an4x3 þ ð1þ l3Þðð1þ l2Þan5 þ l4a2n12x2 þ ð1þ lÞan6xÞ þ w;
where w is given by (12). One checks easily that vu;gðxÞ is a 1-cocycle; hence, the
automorphism Uðx; yÞ ¼ ðgðxÞ; y þ vu;gðxÞÞ generates a cyclic subgroup of order 7
and AutkðCabcdeÞCC2  C7 in this case.
4. Number of curves
In this section we ﬁnd an explicit formula for the number of hyperelliptic curves of
genus 3 deﬁned over k; up to k-isomorphism. Actually, we count how many curves
there are for each type of ramiﬁcation divisor. After the results of Section 3, the
number of curves having a concrete type of ramiﬁcation divisor coincides with the
numbers of orbits of the action of a ﬁnite group GW on a ﬁnite setN: For any gAGW
letNg ¼ fxAN j xg ¼ xg be the set of ﬁxed points of g: We can count the number of
orbits by a well-known formula:
jN\GW j ¼ 1jGW j
X
gAGW
jNgj:
Theorem 7. There are 2q5 þ 2q3  q2 þ q  2þ ½12	3jm k-isomorphism classes of
hyperelliptic curves of genus three defined over Fq: The number of curves with a given
type of ramification divisor is given in Table 2.
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Proof. In the case ð1; 1; 1; 1Þ-split, for any ﬁxed value of tAT ; tae; we
have GWt ¼ f1; s; t; stgCC2  C2; where sðxÞ ¼ t=x; tðxÞ ¼ ðx þ tÞ=ðx þ 1Þ:
Clearly,
Ns ¼ fða; at; c; ct; eÞANg; Nt ¼ fða; b; aðt þ 1Þ; bðt þ 1Þ; eÞANg;
Nst ¼ fða; b; bðt þ 1Þ=t; atðt þ 1Þ; eÞANg;
and jN1j ¼ jNj ¼ 2ðq  1Þ4; jNtj ¼ jNsj ¼ jNstj ¼ 2ðq  1Þ2:
For t ¼ e there are eight more elements gAGWt ; butNg ¼ | for all of them. Thus,X
gAGWt
jNgj ¼ 2ðq  1Þ2ðq2  2q þ 4Þ
is independent of t: The total number of curves is:
X
tAT
jN\GWt j ¼
X
tAT
1
jGWt j
2ðq  1Þ2ðq2  2q þ 4Þ ¼ 1
12
ðq  2Þðq  1Þ2ðq2  2q þ 4Þ:
In the case ð1; 1; 1; 1Þ-split+quadratic, GWt ¼ f1; tg; where tðxÞ ¼ t=x:
SinceNt ¼ fða; at; c; 0; eÞANg; we have jN1j ¼ 2ðq  1Þ2ðq2  1Þ; jNtj ¼ 2ðq  1Þ2
and
X
tAT
jN\GWt j ¼ jT jjN\GWt j ¼
1
2
q3ðq  1Þ2:
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Table 2
Number of curves
ð1; 1; 1; 1Þ-split 1
12
ðq  2Þðq  1Þ2ðq2  2q þ 4Þ
ð1; 1; 1; 1Þ-split+quadr. 1
2
q3ðq  1Þ2
ð1; 1; 1; 1Þ-quadratic 1
4
qðq  1Þðq  2Þðq2 þ q þ 2Þ
ð1; 1; 1; 1Þ-cubic 2
3
ðq2  1Þðq3  1Þ
ð1; 1; 1; 1Þ-quartic 1
2
qðq2  1Þðq2 þ 2Þ
ð1; 1; 3Þ-split 1
2
qðq  1Þð2q2  4q þ 3Þ
ð1; 1; 3Þ-quadratic 1
2
qðq  1Þð2q2  1Þ
ð3; 3Þ-split qðq2  1Þ þ ½2ðq  1Þ	2jm
ð3; 3Þ-quadratic qðq2  1Þ þ ½2ðq  1Þ	2[m
ð1; 5Þ 2q2ðq  1Þ
(7) 2q2 þ ½12	3jm
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In the case ð1; 1; 1; 1Þ-quadratic we have GWt ¼ f1; s; t; stgCC2  C2; where sðxÞ ¼
x þ 1; tðxÞ ¼ x þ u: Clearly,
Ns ¼ fð0; b; 0; d; eÞANg; Nt ¼ fða; b; a; au þ b; eÞANg;
Nst ¼ fða; b; a; aðu þ 1Þ þ d; eÞANg:
Hence, jN1j ¼ 2ðq2  1Þ2; jNsj ¼ 2ðq  1Þ2; jNtj ¼ jNstj ¼ 2ðq2  1Þ; jN\GWt j ¼
1
2
ðq4 þ q2  2qÞ and
X
tAT
jN\GWt j ¼ jT jjN\GWt j ¼
1
4
qðq  1Þðq  2Þðq2 þ q þ 2Þ:
In the case ð1; 1; 1; 1Þ-cubic, we have Ng ¼ | for all non-trivial gAGWt : Hence,P
gAGWt
jNgj ¼ jNj ¼ 2ðq  1Þðq3  1Þ is independent of t and
X
tAT
jN\GWt j ¼
X
tAT
1
jGWt j
2ðq  1Þðq3  1Þ ¼ q þ 1
3
2ðq  1Þðq3  1Þ:
In the case ð1; 1; 1; 1Þ-quartic, GWt ¼ f1; tg; where tðxÞ ¼ x þ t: Since Nt ¼
fð0; b; bt; d; eÞANg; we have jN1j ¼ 2ðq4  1Þ; jNtj ¼ 2ðq2  1Þ andX
tAT
jN\GWt j ¼ jT j
1
2
ð2ðq4  1Þ þ 2ðq2  1ÞÞ ¼ q
2
ðq2  1Þðq2 þ 2Þ:
In the case ð1; 1; 3Þ-split, GW ¼ f1; tg; where tðxÞ ¼ x þ 1: We have
Nt ¼ fð1; b; c; c; eÞAN j b þ 1AASðkÞg;
jN1j ¼ 2qðq  1Þ3; jNtj ¼ qðq  1Þ and jN\GW j ¼ 12qðq  1Þð2q2  4q þ 3Þ:
In the case ð1; 1; 3Þ-quadratic, G ¼ f1; tg; where tðxÞ ¼ x þ 1: We have
Nt ¼ fð1; b; 0; d; eÞAN j b þ 1AASðkÞg;
jN1j ¼ 2qðq  1Þðq2  1Þ; jNtj ¼ qðq  1Þ and jN\GW j ¼ 12qðq  1Þð2q2  1Þ:
In the case ð3; 3Þ-split, GW ¼ flx; 1mx j l; mAkg: If l3a1; we have Nlx ¼ |;
whereas,
Nex ¼Ne2x ¼ fða; 0; 0; d; eÞANg; N 1
mx
¼ fða; b; bm2; am3; eÞANg;
for all mAk: Hence, jN1j ¼ 2q2ðq  1Þ2; jNexj ¼ jNe2xj ¼ 2ðq  1Þ2; jN 1
mx
j ¼
2qðq  1Þ and jN\GW j ¼ qðq  1Þðq þ 1Þ þ ½2ðq  1Þ	2jm:
In the case ð3; 3Þ-quadratic, GW ¼ f1; tg,frl; rlt j lAkg; where tðxÞ ¼ x þ 1:
Clearly, Nt ¼ fð0; b; 0; d; eÞANg: If m is odd, the polynomial x2 þ x þ s þ 1 has
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two roots l0; l0 þ 1Ak and
Nrl0
¼ fðc2; d2 þ c4 þ c2ðs þ 1Þ þ c; c; d; eÞANg;
Nrl0 t
¼ fða; a þ a2 þ alþ d2; 0; d; eÞANg:
On the other hand, if l2 þ lþ sa1 we have Nrl ¼ | and
Nrlt ¼ ða; ða þ c2Þl2 þ as þ a2 þ c þ c2 þ d2; c; c
l3 þ slþ s
l2 þ lþ s þ 1; eÞAN
 
:
Hence, jN1j ¼ 2q2ðq2  1Þ; jNtj ¼ jNrltj ¼ 2qðq  1Þ; for all lAk and jNrl0 j ¼
jNrl0þ1 j ¼ 2ðq2  1Þ if m is odd. Therefore,
jN\GW j ¼ qðq2  1Þ þ ½2ðq  1Þ	2[m:
In the case ð1; 5Þ; all isotropy subgroups are trivial, so that
jN\GW j ¼ jNjjGW j1 ¼ 2q2ðq  1Þ:
Finally, in the case (7), we have jNj ¼ 2q3ðq  1Þ and by (10) and (11):
jNlxþnj ¼ 0; if l
7a1 or l ¼ 1; na0;
2ðq  1Þ if l7 ¼ 1; la1;
(
for any ðl; nÞAksk; ðl; nÞað1; 0Þ: Therefore, jN\GW j ¼ 2q2 þ ½12	3jm: &
Also, from the results of Section 3 we can obtain a mass formula for the number of
hyperelliptic curves of genus three:
Theorem 8. Let ½C	 run over the k-isomorphism classes of hyperelliptic curves C of
genus three defined over k: Then,X
½C	
jAutkðCÞj1 ¼ q5:
More precisely, the partial weighted sums
P
½C	jAutkðCÞj1; letting ½C	 run over the k-
isomorphism classes of curves having a fixed type of ramification divisor are given in
Table 3.
Proof. In the non-generic cases we have,
X
ða;b;c;d;eÞAN\GW
1
jAutkðCabcdeÞj ¼
X
ða;b;c;d;eÞAN\GW
1
2jGabcdej ¼
jNj
2jGW j:
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In the generic cases the same argument shows that the partial weighted sum is
equal to
X
tAT
jNj
2jGWt j
¼ jT jjNj
2jGWt j
; ð13Þ
whenever jGWt j is independent of t: In the cases ð1; 1; 1; 1Þ-split and ð1; 1; 1; 1Þ-cubic,
jGWt j depends on t if m is even; however the ﬁnal formula coincides with the case m
odd, where (13) can be applied. &
By a result of van der Geer and van der Vlugt [7, 5.1], Theorem 8 implies that there
are q5 k-rational points in the moduli space of hyperelliptic curves of genus 3. More
precisely, there are q5  q4 k-rational points corresponding to curves with generic
ramiﬁcation divisor and q4 k-rational points corresponding to curves with non-
generic ramiﬁcation divisor.
ARTICLE IN PRESS
Table 3
Number of points in the moduli space
ð1; 1; 1; 1Þ-split 1
24
ðq  2Þðq  1Þ4
ð1; 1; 1; 1Þ-split+quadr. 1
4
qðq þ 1Þðq  1Þ3
ð1; 1; 1; 1Þ-quadratic 1
8
ðq2  1Þ2ðq  2Þ
ð1; 1; 1; 1Þ-cubic 1
3
ðq þ 1Þðq  1Þ2ðq2 þ q þ 1Þ
ð1; 1; 1; 1Þ-quartic 1
4
qðq2  1Þðq2 þ 1Þ
ð1; 1; 3Þ-split 1
2
qðq  1Þ3
ð1; 1; 3Þ-quadratic 1
2
qðq þ 1Þðq  1Þ2
ð3; 3Þ-split 1
2
q2ðq  1Þ
ð3; 3Þ-quadratic 1
2
q2ðq  1Þ
ð1; 5Þ q2ðq  1Þ
(7) q2
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